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Skyrmions as quasiparticles

The analysis is restricted to planar
chiral (ferro-)magnets Seki et al., Science 336, 198 (2012)

Cu2OSeO3 has recently been reported to
show small anomalies in the dielectric constant
accompanied with magnetic transitions (26, 31).
To fully understand the magnetoelectric response
in this material, we performed the electric pola-
rization measurement for each magnetic phase,
focusing on the [111] component of the electric
polarization (P[111]) under H || [111]. Figure 3C
indicates the magnetic field dependence of P[111]
at 5 K, measured after cooling at zero E and H.
In the helimagnetic phase with multiple q do-
mains (denoted as h′), P[111] remains zero even
under finite H (<400 Oe). Upon the transition
into the single q-domain helimagnetic state (de-
noted as h) around 600 Oe, P[111] first takes a
nonzero negative value but then changes its sign
as H is further increased. In the ferrimagnetic
state (denoted as f ), P[111] saturates at a positive
value. The reversal of the H direction gives the
same sign as that of P[111]. In general, applica-
tion of H induces the continuous deformation of
spin texture from proper screw to conical, and
finally to collinear (that is, ferrimagnetic) (Fig. 4A).
The variation of P[111] withH || [111] appears to be
well scaledwith the relation thatP½111" ¼ P0 þ bM2

(where P0 and b are the fitting parameters) (red
dashed line in Fig. 3C), except for the low-H re-
gion where P remains zero probably due to the
cancelation ofP averaged over different q domains.

Similar behavior is observed at elevated tem-
peratures: 55 (Fig. 3F) and 57 K (Fig. 3I). How-
ever, when passing through the A phase—that

is, the bulk SkX phase (denoted as s) at 57 K—
P[111] shows an abrupt change and takes a non-
zero positive value. Each magnetic transition
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Fig. 2. Magnetic phase diagram under H || [111], deduced for (A) bulk and (B)
thin-film forms of Cu2OSeO3, respectively. The former is determined by temperature
(T ) and magnetic-field (H) scans of magnetization (M), electric polarization (P), and
ac magnetic susceptibility (c′), and the latter by the measurement of skyrmion
density through Lorentz TEM imaging at selected data points (small gray circles). (C)

Magnified view of (A) near the A-phase (skyrmion crystal phase) region. (D to G)
Magnetic field dependence of lateral magnetization distribution at 5 K with the
same color wheel mapping as in Fig. 1, where a magnetic field is applied normal to
the (111) thin film. (H to K) Temperature dependence of the magnetic domain
configuration (underfocused Lorentz TEM images) with H = 400 Oe.
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Fig. 3. Magnetic field (H || [111]) dependence of magnetization M, ac magnetic susceptibility c’, and [111]-
component of electric polarization (P[111]) measured for bulk single crystal of Cu2OSeO3 at 5 (A to C), 55 (D to
F), and 57 K (G to I), respectively. Red dashed lines in the P[111]-profiles indicate the numerical fit for the
single-domain helimagnetic state with P[111] = P0 + bM2. Letter symbols f, h, h′, and s denote ferrimagnetic,
helimagnetic (single q domain), helimagnetic (multiple q domains), and skyrmion-crystal states, respectively.
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skyrmions are the lowest
energy excitations 



Quantum-size limit

Questions  Which are the skyrmion quantum numbers? How is the spectrum?
How is the Magnus force manifested in this regime?

difference SP-STM images in Fig. 3, B to E, the
skyrmions are annihilated one by one until no
skyrmion is present (in Fig. 3F); skyrmions are

then created in a different sequence until the start-
ing configuration is reached again (Fig. 3, G to J).
The writing and deleting was done between the

images by local voltage sweeps. This series dem-
onstrates that the skyrmions can be addressed
individually and independently, even in close prox-
imity to one another.

Whereas controlled skyrmion creation and
annihilation is demonstrated, the intermediate
magnetization states during the switching process
cannot be imaged directly because of the limited
time resolution in our experiment. We consider
the following mechanisms that may contribute to
switching (22, 23): (i) thermal noise, (ii) a local
temperature increase caused by the injected pow-
er (Joule heating), (iii) nonthermal excitations
from the injected electrons, and (iv) spin-transfer
torque (STT). The latter depends on the spin-
polarization of the tunnel current and its direction.
To discriminate between these different contribu-
tions, we performedmeasurements as a function of
bias voltage U, tunnel current I, and applied mag-
netic field B (23, 24): With the tip held stationary
above atomic pinning sites, we recorded the time
evolution of the system (20). The observed mag-
netic telegraph noise (see insets in Fig. 4) oc-
curs because of repetitive switching between a
skyrmion (S = 1) and the FM state (S = 0). From
each measurement, typically consisting of 1000
switching events, the switching rate f and the
probability to observe a skyrmion P can be ex-
tracted (22). We find that the switching process
is very sensitive to the energy of the tunneling
electrons eU (where e is the elementary charge)
(Fig. 4A): At U = 300 mV, switching occurs, on
average, once every 15 s at I = 300 nA. Toward
lower bias voltages, switching becomes increasing-
ly rare, which facilitates nonperturbing imaging.
For higher voltages, the rate increases rapidly,
allowing efficient skyrmion manipulation. In con-
trast, the current dependence at fixed bias voltage
(Fig. 4B) is much weaker. The switching rate de-
pends linearly on I within the investigated current

Fig. 2. Manipulation of
themagnetic statesof the
PdFe bilayer at T = 4.2 K.
(A and B) SP-STM images
at B = +1 T (U = +100 mV,
I = 0.5 nA, magnetically in-
plane sensitive tip). Whereas
(A) shows the sample in its
initial magnetic state after
sweeping the field up from
B = 0 T to +1 T, in (B) the
spin spiral has locally trans-
formed into skyrmions after
supplying energy by a higher-
voltage STM scan with U =
+1 V, I = 0.5 nA. (C) SP-
STM image of the initial
state at B = +1.8 T after
sweeping the magnetic
field down from +3 T. Four
skyrmions are marked by
circles (U = +100 mV, I =
1 nA, magnetically out-of-
plane sensitive tip). (D) Suc-
cessive population of the
island with skyrmions by in-
jecting higher-energy elec-
trons through local voltage
sweeps (20) (fig. S2). (E)
Concept of skyrmion manip-
ulation with local currents
from an STM tip. (F) Sketch
of the field-dependent po-
tential for a skyrmion (Sk;
S = 1) and the FM state
(S = 0). B0 is the field where the two states are energetically degenerate.
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Fig. 3. Creation and
annihilationof single
skyrmions. (A) Constant-
current image of a sam-
ple region with four defects
(see box in Fig. 2A), each
hosting a skyrmionmarked
by a circle containing
~270 surface atoms (U =
+250 mV, I = 1 nA, B =
+3.25 T, T = 4.2 K, mag-
netically in-plane sensi-
tive tip). (B to E) Sequence
of difference SP-STM im-
ages [with respect to (F)]
showing the selective eras-
ing of all four skyrmions
using local voltage sweeps
(feedback loop switched
off while bias voltage was
increased to +750 mV).
(F) The sample area with-
out skyrmions (constant-current image) and (G to J) their successive rewriting (difference images). (K) Schematic spin configuration with distances twice the atomic lattice,
superimposed on the experimental data: The asymmetric appearance of the skyrmions results from a canted SP-STM tip magnetization in this experiment.
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Romming et al., Science 341, 636 (2013)
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Figure 1 | The nanoskyrmion lattice of the Fe ML on Ir(111). a, Sketch of the
nanoskyrmion lattice: cones represent atoms of the hexagonal Fe layer and
point along their magnetization directions; red and green represent up and
down magnetization components, respectively. b, Atomic-resolution STM
image of the pseudomorphic hexagonal Fe layer at an Ir step edge. Upper
inset: The FT. Lower inset: A side view of the system (tunnel parameters
U= +5 mV, I= 30 nA). c, SP-STM image of the Fe ML on Ir(111) with a
magnetic tip sensitive to the out-of-plane component of magnetization
(Fe-coated W tip, B= +2 T along the tip axis, U= +50 mV, I= 0.5 nA):
bright (dark) spots indicate areas with magnetization parallel (antiparallel)
to the tip magnetization. Left inset: Simulated SP-STM image of the
nanoskyrmion with out-of-plane magnetic tip. Right inset: FT of the
experimental SP-STM image shown in the two-dimensional Brillouin zone.
Note that the observed magnetic contrast does not change (except for a
shift) on reversing the magnetization of the tip30, which indicates a
compensated spin structure. d, Simulations of SP-STM images of the
nanoskyrmion with the tip magnetized in different directions as indicated;
image size and unit-cell position identical to those in a.

on the hexagonal Ir(111) surface (Fig. 1b) and the SP-STM
measurements of the Fe ML were made at low temperature
(T = 11 ± 2K throughout this work) using Fe-coated W tips.
Typically, these tips are magnetized perpendicular to the tip axis,
but when an out-of-plane external magnetic field, B, is applied
the magnetization of the tip is turned along its axis. As the
spin-polarized tunnel current scales as the cosine of the angle
between the tip and local sample magnetization23, these tips are
sensitive to the in-plane component of the sample magnetization
withoutmagnetic field and sensitive to the out-of-plane component
in an out-of-plane magnetic field. A typical measurement with an
out-of-plane-sensitive magnetic tip is shown in Fig. 1c. We observe
a square magnetic superstructure with a size of about 1 nm by 1 nm
(ref. 18), in which brighter and darker spots indicate opposite out-
of-plane components of the sample magnetization, in agreement
with the simulated SP-STM image of the nanoskyrmion (left inset).
The Fourier transform (FT) of the experimental SP-STM image
(right inset) shows four spots in the two-dimensional Brillouin
zone corresponding to two pairs of reciprocal vectors Q1 and Q2,
which enclose an angle ✓ of about 90�. The observed magnetic

structure is incommensurate with the atomic lattice and we shall
return to this intriguing aspect later. To simplify the discussion for
the moment, we start from the best commensurate approximation:
see the dashed blue box in Fig. 1a (then |Q1|= |Q2|= 0.277⇥2⇡/a
and ✓ =92.2�, where a=2.715Å is the nearest-neighbour distance).
Figure 1d shows simulated SP-STM images (see Supplementary
Section S2 for details) of the nanoskyrmion lattice for various tip
magnetization directions as indicated by the arrows: depending
on the exact orientation of tip magnetization with respect to the
magnetic unit cell, very differentmagnetic images can be expected.

To investigate whether the magnetic ground state can indeed be
the proposed nanoskyrmion, we have made measurements without
an external magnetic field, resulting in a tip sensitive to the in-plane
magnetization component of the sample. The overview SP-STM
image measured with an in-plane magnetized tip (Fig. 2a) shows all
three possible rotational magnetic domains, which are due to the
combination of a squaremagnetic structure and a hexagonal atomic
lattice18. As this image is measured with one particular magnetiza-
tion direction of the tip, we are catching different components of
the in-plane sample magnetization of the rotational domains with
respect to a unique axis in the magnetic unit cell. A closer view of
each magnetic domain is shown in Fig. 2b–d. We can analyse the
images by considering that all of them have been measured with
an identical magnetic tip (tip magnetization direction indicated by
arrows) while the magnetic unit cell rotates by 120� from domain
to domain. The excellent agreement between SP-STM experiment
and simulated images (see insets) clearly shows that our magnetic
structure is in accordance with the nanoskyrmion lattice. On the
basis of our experimental SP-STM measurements for the in-plane
and out-of-planemagnetization components we can even construct
the vector magnetization density of our sample, revealing the char-
acteristic spin structure of the skyrmion lattice (see Supplementary
Section S3). Note that the corrugation of the stripe pattern, Fig. 2d,
is at the resolution limit of STM (about one-third of that for the
square patterns Fig. 2b,c) and seems to require a very high spin
polarization of the tip. However, the observation of this pattern in
a simultaneous measurement on three different domains—which
has not been possible in a previous measurement18—is crucial
to unambiguously identify magnetic in-plane sensitivity (for a
quantitative analysis see Supplementary Section S4). By applying an
in-planemagnetic field, we can align the tipmagnetization direction
with respect to the crystallographic directions and experimentally
rule out a vortex lattice, which could also explain the measurement
of Fig. 2 (see Supplementary Section S5).

Spin model on a discrete lattice
To shed light on themicroscopic origin of the nanoskyrmion lattice,
we explore the magnetic phase space on the basis of a minimal
lattice Hamiltonian, which for this system is the following extended
two-dimensional Heisenberg model:

H = �
X

ij

Jij(MiMj)�
X

ijkl

Kijkl [(MiMj)(MkMl)+ (MiMl)(MjMk)

� (MiMk)(MjMl)]�
X

ij

Dij(Mi ⇥Mj)

with localized magnetic momentsMi on Fe atomic sites i which are
coupled by pair-wise Heisenberg exchange interactions of strength
Jij . The second term represents the four-spin interaction, which
occurs due to electron hopping between four adjacent sites24. Its
strength is given by the coupling constants Kijkl , which are usually
much smaller than the exchange constants Jij and typically this
term is ignored. We restrict the discussion to nearest-neighbour
four-spin interaction; that is, Kijkl reduces to only one four-spin
constant K and the (ijkl) lie on diamonds of adjacent lattice sites.
The last term is the DM interaction, which arises from spin–orbit

714 NATURE PHYSICS | VOL 7 | SEPTEMBER 2011 | www.nature.com/naturephysics

Heinze et al., Nat. Phys. 7, 713 (2011)



Semiclassical quantization: basic idea

The radius of cyclotron orbits caused by the lattice potential characterize the 
extension of quantum fluctuation in the phase space of rigid skyrmions

ences has produced formulae for the initial velocity !at !
=0" of the bubble. We reproduce these formulae in the
present notation for convenience,

dRx

d!
= − "2

g#

4$Nt
,

dRy

d!
= "1

g%

4$Nt
, !10"

where t is the film thickness, % is the total magnetization in
the third direction, and # is essentially the anisotropy energy,

% =# !mz − 1"dV, # =
1
2# !1 − mz

2"dV . !11"

All quantities are measured in units $Eq. !2"%. In order to find
numerical values, we substitute in Eq. !11" the configuration
of the static bubble and find % / t=−815, # / t=41. We then
obtain

&dRx

d!
,
dRy

d!
' = !0.00008,0.16"

!ex

!0
, !12"

which clearly gives a deflection of the bubble perpendicular
to the direction of the field gradient. The velocity dRy /d! is
much larger than dRx /d! because "1&"2 !for "=0.01" and
because the bubble total magnetization % !which is propor-
tional to the bubble area" is much larger than its anisotropy
energy # !which is proportional to the length of the bubble
domain wall".

The result in Eq. !12" gives correctly the tendency of
!Rx ,Ry" to move along the y direction, although the calcu-
lated velocity value is about 60% in error. However, one
should keep in mind that Eq. !10" was derived for infinite
films and they hold only at the very beginning of the process.

When the external field is switched off at !=44.5!0 !200
ps" the bubble is in the first quadrant at !Rx ,Ry"
= !2.1,2.5"!ex while !X ,Y"= !1.3,1.6"!ex. We then observe an
almost circular motion of the !Rx ,Ry" orbit of the particle
with a radius (3!ex. The type of motion for !X ,Y" is more
involved and its trajectory is roughly a pentagon, as seen in
Fig. 2. The period of this almost periodic motion is approxi-
mately T=230!0 !1 ns" !i.e., frequency f =1 GHz".

The bubble, certainly, does not move as a rigid body
around the dot center. The details of its motion can be seen in
the three snapshots presented in Fig. 3. The initial state is
shown in Fig. 3!a". $This is the same configuration as in Fig.
1!a" except that the whole element is shown now.% Figure
3!b" shows the configuration at time !=44.5!0, that is, at the
end of the application of the external field. While the bubble
preserves its general structure it has apparently shifted to the
first quadrant. Figure 3!c" shows the bubble at time !
=267!0 !1200 ps" when it has almost completed a full circle.
The deformation of the bubble is small and also the details of
the domain-wall structure are preserved. However, such a
coherent motion does not happen for large field gradients as
will be explained in the next section.

We have also repeated the simulation with a stronger field
gradient g=−0.005. The results are similar to those described
in the preceding paragraphs. The initial velocity for the
bubble is now dRy /d!=0.19, i.e., twice the value given in
Eq. !9". Thus the bubble velocity seems to be proportional to
g in agreement with the prediction of Eq. !10". The bubble is

-4 -2 0 2 4
X , Rx

-4

-2

0

2

4

Y
,

R
y

(Rx, Ry)

(X, Y)

FIG. 2. !Color online" The orbit of the bubble under an external
field gradient $Eq. !6"% with g=−0.0025. The solid line shows the
coordinates !Rx ,Ry" of Eq. !8". The dashed line shows the coordi-
nates !X ,Y" of Eq. !7". The circles mark the bubble position at times
which are multiples of 5.33!0 !15 ps". The arrows indicate the point
where the field is switched off.

FIG. 3. !Color online" Snapshots from the simulation for a bubble with N=1 under external field gradient $Eq. !6"% with g=−0.0025.
They show the bubble !a" at the dot center !at time !=0", !b" when the external field is switched off $!=44.5!0!200 ps"%, and !c" when this
has completed a cycle around the dot center $!=267!0!1200 ps"%.

MOUTAFIS, KOMINEAS, AND BLAND PHYSICAL REVIEW B 79, 224429 !2009"

224429-4

Micromagnetic simulations
in confined geometries 

the bubble is described with good accuracy by a superpo-
sition of two underdamped modes with eigenfrequencies
!=2! ¼ 0:97 GHz and "4:27 GHz [21].

To understand the origin of inertia, we shift attention
from the center of the bubble, where nothing is happening,
to its boundary, a domain wall defined as a line yðxÞ, where
Mzðx; yÞ ¼ 0. A nearly circular domain wall is conven-
iently parametrized in polar coordinates ðr;"Þ,

rð"Þ ¼ !rþ
X

m

rme
im": (5)

The Fourier amplitudes rm ¼ r&"m describewaves with wave
numbers k ¼ m= !r traveling along the circular edge: r0 is the
breathing mode, r1 ¼ ðX " iYÞ=2 encodes the location of
the center of mass, r2 parametrizes elliptical deformations,
Fig. 1(b), and so on. On the domain wall, magnetization lies
in the plane of the film,m ¼ ðcosc ; sinc ; 0Þ. For a circular
wall in equilibrium,m points along the direction of the wall,
c ¼ "' !=2, Fig. 1(a). More generally,

c ð"Þ ¼ "' !=2þ
X

m

c me
im": (6)

The fields rð"Þ and c ð"Þ are coupled to each other, and so
are their harmonics rm and c m. Integrating out c 1 generates
kinetic energy for the center of mass.

Theory.—We derive the dynamics of transverse fluctua-
tions of a Bloch domain wall, first for a straight wall and

then for a circular one. To this end, we employ a method of
collective coordinates generalizing Thiele’s approach be-
yond steady motion [22]. The Lagrangian formalism allows
us to easily integrate out the hidden degree of freedom—
in-plane magnetization—in favor of the more evident trans-
verse motion.
An evolving magnetic texture mðr; tÞ can be parame-

trized by a (potentially infinite) set of collective coordi-
nates !ðtÞ ¼ f#1ðtÞ;#2ðtÞ; . . .g. Their equations of motion
are similar to Thiele’s equation (2),

Gij
_#j þ Fi "Dij

_#j ¼ 0; (7)

with generalized forces Fi ¼ "@U=@#i, gyrotropic coef-
ficients Gij ¼ "Gji, and viscosity coefficients Dij ¼ Dji.

Equation (7) can be obtained from a Lagrangian L ¼ A (
_! "Uð!Þ, where Að!Þ is a gauge potential with curvature
@Aj=@#i " @Ai=@#j ¼ Gij [23]. The gauge term contrib-
utes to the action S ¼ R

Ldt a time-independent pieceR
A ( d! known as Berry’s geometric phase.
Straight domain wall.—We first consider the dynamics

of a domain wall stretched along the x axis, yðx; tÞ ) 0,
c ðx; tÞ ) 0, from x ¼ 0 to x ¼ ‘. Its Lagrangian,

L½y; c + ¼
Z ‘

0
dxg _yc "U½y; c +; (8)

contains a gauge term with gyrotropic coupling g ¼ 2tM=$
[24,25]. The resulting equations of motion are "g _c "
%U=%y ¼ 0, g _y" %U=%c ¼ 0 in the absence of dissipa-
tion. The in-plane magnetization is aligned with the wall in
equilibrium, c ¼ y0 , @y=@x; the cost of small misalign-
ments is quadratic in c " y0, so

L½y; c + ¼
Z ‘

0
dx½g _yc " &ðc " y0Þ2=2+ "U½y+; (9)

with the stiffness & to be determined. The field c can be
integrated out with the aid of its equation of motion,
g _y" &ðc " y0Þ ¼ 0, to obtain a Lagrangian for trans-
verse displacements,

L½y+ ¼
Z ‘

0
dxð' _y2=2þ g _yy0Þ "U½y+; (10)

where ' ¼ g2=& is the Döring mass density [24,25].
Potential energy of a domain wall can be split into local

and long-range contributions. The local term is propor-
tional to the length of the wall and tension (,

Ul½y+¼
Z ‘

0
(

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dx2þdy2

q
)Ul½0+þ

Z ‘

0
dx(y02=2; (11)

where Ul½0+ ¼ (‘ is the energy of a straight wall. Thus,

L½y+ ¼
Z

dxð' _y2=2þ g _yy0 " (y02=2Þ "Unl½y+: (12)

Neglecting for the moment the nonlocal term Unl½y+, we
obtain a wave equation, ' €yþ 2g _y0 " (y00 ¼ 0, with waves
traveling left and right at different speeds, cf. Eq. (4),

! ¼ '"1

"
"gk'

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2k2 þ ('k2

q #
: (13)

FIG. 1 (color online). A circular magnetic bubble with
Skyrmion number q¼"1. Out-of-plane magnetization is Mz>0
(blue) outside the wall and Mz < 0 (red) inside; in-plane magne-
tization on the domain wall is shown by arrows. (a) Equilibrium.
(b) Elliptic deformation. The dashed line marks the equilibrium
position of the domain wall. (c) The trajectory of the bubble’s
center observed by Moutafis et al. Dots mark positions evenly
spaced in time. (d) A 5-cusped hypocycloid with its directing and
generating circles.
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Outline

‣ Landau-Lifshitz dynamics

‣ Semiclassical quantization of collective coordinates

‣ Skyrmion bands and Berry phases

‣ Wave-packet dynamics and thermal Hall effect



Landau-Lifshitz equation: 
Hamiltonian formulation

At temperatures much lower than     :Tc

ṡ (r) = s (r)⇥ he↵ (r)

ṡ (r) = {s (r) , H} =

Z
d2r0 {s (r) , s↵ (r0)} �H

�s↵ (r0)

he↵ ⌘ ��H

�s

The LL eq can be recast as a Liouville equation of the form:

Free-energy
functional

{s↵ (r) , s� (r
0)} = ✏↵�� s� (r) � (r� r0)generated by the Poisson algebra:

conjugate force:



2 complementary perspectives
‣ Spin-hydrodynamics: kinematic constrain on the classical phase-space

‣ Coarse-graining from quantum operators defined on a lattice:

s (Ri) ⇡ h sc| Ŝi | sci /Ac

Ac
{ , } �! � i

~ [ , ]

we recover the quantum spin dynamics



Symplectic reduction
Phase space Symplectic manifold

Bloch
sphere

Non-canonical system
Canonical variables are (globally)
ill-defined for generic textures…

…but not for textures characterized
by an integer winding number: skyrmions

L =

Z
dr A [⇣ (r)] · ⇣̇ (r)�H = s

Z
dr a [n (r)] · ṅ (r)�H

jumps4⇡s� rna = �n (monopole field)

s = ~S/Ac spin-path quantization



Skyrmion textures: collective coordinates

The skyrmion position is soft mode of the magnetization dynamics:

{X,Y } =
1

4⇡sQ

Q =
1

4⇡

Z
drn · (@

x

n⇥ @
y

n)

The number of times that the texture 
sweeps the singular point is fixed by
the boundary conditions

R = (X,Y ) ⌘ center (1st moment) of topological charge



Linear momentum of rigid skyrmions

{⇧i, s [R]} = �@s [R]

@Ri

{⇧i,⇧j} = Gij = 4⇡sQ ✏ij

⇧ = 4⇡sQR⇥ ẑ =) {Ri,⇧j} = �ijCanonical momentum:

is the generator of rigid translations of the texture:⇧

The Magnus force is a manifestation of the jumps in the functional-
generator of translations:

gyrotropic tensor



Canonical quantization

{X,Y } �!
h
X̂, Ŷ

i
= ± i (`N )2

2
sign (Q)

`N ⌘
r

Ac

⇡N
N = 2S |Q|with

A⇤
c = ⇡ (`N )2The quantum cloud                       is commensurate with the lattice

Classical limit: `N ⌧
p

Ac ⌘ S ! 1



Truncation of the Hilbert space
M ! 0 ~!c ! 1

skyrmion mass due to the
hybridization with gapped modes

Nc ⇥Ac

A⇤
c

= N ⇥Nc

Dimension of the Hilbert space:

# unit cells

1

2
Q ^⇧ �! L̂z = ⌥~

✓
â†â+

1

2

◆

Aharonov-Bohm phase around the Dirac string

A semi-classical skyrmion is a coherent superposition of magnon-bound states



Lattice Hamiltonian
The translation symmetry is reduced to the group of lattice translations

Classically:                                      withV (R) =
X

G

VG eiG·R VG =

Z
drHsky (r) e

iG·r

energy of the classical solutionG = 0 =) "0 ⌘

G 6= 0 =) VG ⇠ "0

(R |G|)3/2

free-energy density
of the classical solution

the Fourier harmonics decay algebraically with the skyrmion radius



Translation operators
X

G

VG eiG·R �!
X

G

VG T̂ (G)

⌘

eiG·R̂

ˆT (G)

ˆT (G0
) = Exp


±i (G ^G0

)Ac

4⇡N

�
T (G+G0

)

The translation operators form a ray group, like the magnetic translations:

N = 2S |Q| quantum fluxes per unit cell

The lattice translational symmetry of the Hamiltonian is preserved



von Neumann lattice and Bloch states
Reciprocal space (Brillouin zones)

BZ*
BZ-1 BZ-2BZ-3

G1

G2

B1

B2

Spin lattice von Neumann lattice

R1

R2

A1

A2

T̂2

⇣
T̂1

⌘N

Bloch states: simultaneous eigenstates of
⇣
T̂1

⌘N

T̂2

provide a                irrep of translations:N � dim

T̂n,m = e⌥
inm⇡

N

⇣
T̂1

⌘n ⇣
T̂2

⌘m

N = 3



Skyrmion bands in the square lattice

Only first harmonics t

S = 3/2

S = 2

|Q| = 1

Dirac points
for integer spins



Skyrmion bands in the square lattice

Including 2nd harmonics t’

S = 3/2

S = 2

|Q| = 1

Gapped Dirac points



Berry curvature of the skyrmion bands

⌦n(k) = rk ⇥An(k)

An(k) = ih k,n|rk| k,ni

matrix
 †

k = (|k, 1i , |k, 2i ... |k, Ni)

Ĥ =

Z

BZ

dk

(2⇡)2
 †

k Hk kHamiltonian: 
N � dim
(Harper equations)

�n(C) =
Z

C
dk ·An(k)Berry phase: 

Gauge-invariant property: Berry curvature 
Berry connection 



Example: S=1

Q = �1, t0 = �0.1t

Skyrmion bands Berry curvature 

C± =

Z

BZ⇤

dk

2⇡
⌦±

xy

(k) = ±1Chern number:

periodic conditions! 



Edge states S=1

reduced zone (after folding)
BZ-1BZ-2 BZ-2

BZ*

Edge-states wf: over-complete (non-orthogonal) set

Skyrmion edge-states are deformed and naturally hybridized with other modes



Example: S=3/2

spectrum in a strip
(after folding)

Berry curvatures

Highest and lowest
energy bands: C = sign (Q)

Remaining band: C = �2 sign (Q)



Skyrmion bands: general features
‣ Umklapp processes open gaps at the BZ edges

‣ The gaps are controlled by the size of the texture compared with 
the lattice spacing,

‣ The bands become flatter as the spin quantum number increases

‣ The Chern number of lowest/highest energy bands is 

‣ The Berry curvature of the lowest energy bands become uniform:

V ⇠ (a/R)3/2

C = sign (Q)

⌦
xy

⇠ A
c

4⇡SQ for large S



Wave-packet dynamics
Equation of motion of a wp centered at          :(r,k)

~k̇ = F

ṙ =
1

~
@"k
@k

+ ⌦
xy

(k) ẑ ⇥ k̇

classical perturbation

anomalous velocity

4⇡sQ ṙ ⇥ ẑ = F

Classical limit:                            , lim
S!1

1

~⌦xy

(k) =
1

4⇡sQlim
S!1

1

~
@"k
@k

= 0

classical equation of motion



Local vs transport (divergence free) currents 

wp self-rotation provided by the
orbital moment of skyrmion bands

Theoretical Prediction of a Rotating Magnon Wave Packet in Ferromagnets

Ryo Matsumoto1 and Shuichi Murakami1,2,*
1Department of Physics, Tokyo Institute of Technology, Tokyo 152-8551, Japan

2PRESTO, Japan Science and Technology Agency (JST), Saitama, Kawaguchi 332-0012, Japan
(Received 25 January 2011; published 13 May 2011)

We theoretically show that the magnon wave packet has a rotational motion in two ways: a self-rotation

and a motion along the boundary of the sample (edge current). They are similar to the cyclotron motion of

electrons, but unlike electrons the magnons have no charge and the rotation is not due to the Lorentz force.

These rotational motions are caused by the Berry phase in momentum space from the magnon band

structure. Furthermore, the rotational motion of the magnon gives an additional correction term to the

magnon Hall effect. We also discuss the Berry curvature effect in the classical limit of long-wavelength

magnetostatic spin waves having macroscopic coherence length.

DOI: 10.1103/PhysRevLett.106.197202 PACS numbers: 85.75.!d, 66.70.!f, 75.30.!m, 75.47.!m

Introduction.—A spin-wave (magnon) in an insulating
magnet is a low-energy collective excitation [1,2]. It has
recently been focused on as a tool for spintronic applica-
tions because it can have a good coherence, compared with
the spin current in metals. The motions of the magnons are
now measurable in a time- and space-resolved way with
reasonable accuracy. It can be experimentally generated
and detected via the spin Hall effect [3], and for spintronic
applications, a precise spatial and temporal control of the
spin wave is desired.

In the present Letter, we theoretically find that the
motion of magnon wave packets in insulating magnets
undergoes a self-rotational motion and a rotational motion
along the edge of the sample [Fig. 1(a)]. The latter motion
gives rise to the thermal Hall effect of magnons [4–6]. This
phenomenon is due to the Berry curvature in momentum
space, representing the topological structure in the magnon
bands. We theoretically predict that if a magnon wave
packet is excited in the vicinity of the edge of a sample,
it will move along the edge. It is expected to be visible in
some magnets having a macroscopic coherence length
(" 10 mm) [7], and it should be a powerful tool for
exploring the effects of the Berry phase in momentum
space.

We calculate the transverse thermal transport coefficients
for a magnon system by two methods: the semiclassical
theory and the linear response theory, by analogy with an
electron system. We show that both theories give the same
result and the thermal Hall conductivity !xy can be written
in terms of the Berry curvature. Our theory includes the
contribution of magnon rotational motion, which has been
overlooked in the previous theory of the magnon thermal
Hall effect [4,5]. From this we show that the thermal Hall
effect of the magnon arises from the edge current of the
magnon. We apply our theory to various magnons, includ-
ing both the exchange spin wave (quantum-mechanical
magnon), e.g., in a ferromagnet Lu2V2O7, and the magne-
tostatic spin wave in yttrium-iron-garnet (YIG) films.

The results for thermal Hall conductivity in Lu2V2O7

roughly reproduces the experiment [5]. Throughout this
Letter we consider localized spin systems on a two-
dimensional lattice, and assume that there is no interaction
between magnons.
Semiclassical theory.—The dynamics of a wave packet

of electrons in a periodic system can be described by the
semiclassical equation, including the topological Berry
phase effect [8]. When a force is exerted onto the electron,
there occur various intrinsic Hall effects due to the Berry
phase. In analogy with this, we construct the semiclassical
equation of motion of magnons. We consider a wave
packet of a magnon which is localized both in real and
momentum space. If there exists a slowly varying potential
UðrÞ for the magnons, they feel a force. Following [8,9],
we derive the semiclassical equations of motion for the
magnon wave packet as

_rn ¼ 1@ @"nk
@k

! _k&!nðkÞ; @ _k ¼ !rUðrÞ; (1)

(b)(a)

Edge current of magnon

Magnon wavepacket

(c)

Edge current of magnon

(d)

∆

Thermal Hall current of magnon

T

FIG. 1 (color online). (a) Self-rotation of a magnon wave
packet and a magnon edge current. (b) The magnon near the
boundary proceeds along the boundary, irrespective of the edge
shape. (c) Magnon edge current in equilibrium. (d) Under the
temperature gradient, the amount of the transverse heat current
are not balanced between the two edges, and a finite thermal Hall
current will appear.

PRL 106, 197202 (2011) P HY S I CA L R EV I EW LE T T E R S
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13 MAY 2011
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persistent edge currents
(even at thermal equilibrium)

Matsumoto & Murakami, PRL 106, 197202 (2011)

Semi-classically:

+
dissipative + reactive (linear and 

angular momentum transfer) forces

Classically:

In a small magnetic field, the skyrmion lattice
stabilizes in a pocket below Tc, also known as
the A phase. The spin structure of the skyrmion
lattice in MnSi consists of a hexagonal lattice of
magnetic vortex lines oriented parallel to the
magnetic field B (Fig. 1A, inset).

Skyrmion lattices in chiral magnets are at-
tractive for studies of spin torque effects, because
they are coupled very weakly to the atomic crys-
tal structure (9) and may be expected to pin very
weakly to disorder. In addition, electric currents
couple very efficiently to skyrmions as follows.
When the conduction electrons in a metal move

across a magnetic texture, their spin follows the
local magnetization adiabatically. Spins that
change their orientation pick up a quantum me-
chanical phase, the Berry phase, that may be
viewed as an Aharonov-Bohm phase arising
from a fictitious effective field (14–16) Bi

eff ¼
F0
8p Dijk %Mð∂j %M # ∂k %MÞ, where %M ¼ M=jMj is
the direction of the local magnetization and
F0 = h/e is the flux quantum for a single elec-
tron (h is Planck’s constant). In the skyrmion
lattice, Beff has a topologically quantized aver-
age strength of −F0 per area of the magnetic
unit cell [for MnSi Beff ≈ 2.5 T (11)]. Beff in-

duces an effective Lorentz force, which gives
rise to an additional “topological” contribution to
the Hall effect proportional to the product of Beff
and the local polarization of the conduction elec-
trons as observed experimentally (11, 17). Corre-
spondingly, because the electrons are deflected,
a force is exerted on the magnetic structure so
that there is an efficient “gyromagnetic coupling”
(18) of the current to the skyrmion lattice (19).

From an alternative point of view, the skyrmion
lattice may be viewed as an array of circulating
dissipationless spin currents, because the skyrmions
are characterized by gradients in the spin orienta-

Fig. 1. (A) Magnetic phase diagram of MnSi. (Inset) Schematic spin structure of the skyrmion lattice in a plane perpendicular to the applied field. (B)
Schematic depiction of the spin transfer torque effects on the skyrmion lattice. A temperature gradient induces inhomogeneous Magnus and drag forces and
therefore a rotational torque.

Fig. 2. Typical scattering intensity patterns observed in our neutron-scattering
measurements for a neutron beam parallel to the applied magnetic field (21).
The red lines serve as a guide to the eye. (A) Skyrmion lattice at zero current.
q, wave vector; std. mon., standard monitor. (B) Pattern of (A) under current in
the vertical direction (arrow). (C) When both the current and a small antipar-
allel temperature gradient are present, the scattering pattern rotates counter-
clockwise. (D) Pattern when reversing the current direction in (C). (E) Difference
between (C) and (D). (F) Difference of intensities when reversing both current
and field. (G to J) Same as (C) through (F) for reversed direction of the tem-
perature gradient.
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Jonietz et al., Science 330, 1648 (2010)



Thermal Hall effect

subtracting the divergence-free component

sensitive to the spin 
quantum number 

rT

cold

hot

equilibrium

JQ

x

= 
xy

(�@
y

T )


xy

= �k2
B

T

~
X

n

Z
dk

(2⇡)2
⌘
⇣
f (0)
n,k

⌘
⌦n

xy

(k)

T/t


xy

⇥ ~
k
B

t
S = 1
S = 3/2
S = 2
S = 5/2
S = 3



Take-home messages
‣ Quantum skyrmions are local excitations (coherent superposition of 

magnon-bound states) with boson statistics (in an electrically 
insulating film, i.e., no coupling with fermions).

‣ The spectrum is arranged in                  bands.

‣ The bands are characterized by non-trivial Berry curvatures, the 
quantum descendant of the Magnus force

‣ Skyrmion wave-packets mimic the dynamics of classical textures. 
When the skyrmion size is comparable to the lattice spacing, the Hall 
response depends on the spin quantum number.

DE-SC0012190

N = 2S |Q|



Wave functions and operator ordering*

*Like in the QHE: Girvin & Jach, PRB 29, 5617 (1984)

‣ In this limit, the Hilbert space is isomorphic to the space of analytic 
functions of                            (lowest LL of the monopole field)

‣ The eigenfunctions are in 1-to-1 correspondence, but they are not 
the same: 

‣ Nevertheless, the normalization densities are properly related:

‣ Anti-normal order: positions (   )  to the right

 n (r) ⌘ hr|LL = 0; ni �! rnrin✓e
� r2

2`2
N

p
⇡n! `N

d2r | n (r)|2 �! dz⇤dz

2⇡i
e�z⇤z | n (z)|2

â†

z = (x⌥ iy)/`N


